AUTOREGRESSIVE CONDITIONAL HETEROSKEDASTICY UNDER

ERROR-TERM NON-NORMALITY

by

Octavio A. Ramirez-3

1 Asxociate Professor, Depatment of Applied Economics, Texas Tech University, Box
42132, Lubbock TX 79409-2132. Phone: (806) 742-2821, Fax (806) 742-1099, Email:
Octavio.Ramirez@ttu.edu

2 Copyright 2001 by Octavio A. Ramirez. All rights reserved. Readers may make
verbatim copies of this document for non-commercia purposes by any means,
provided that this copyright notice gppears on dl such copies.

3 Poper presented a the annud meeting of the American Agriculturd Economics
Asociation, Chicago, lllinois, August 5-8, 2001



AUTOREGRESSIVE CONDITIONAL HETEROSKEDASTICY UNDER

ERROR-TERM NON-NORMALITY

ABSTRACT

This paper explores the impact of error-term norrnormaity on the peformance of the
norma-error  Generdized Autoregressve Conditiond Heteroskedastic (GARCH) mode
under smdl and moderate sample sizes. A non-normd-, asymmetric-error GARCH mode
is proposed, and its finite-sample performance is evduated in comparison to the norma-
eror GARCH under vaious underlying error-term digtributions. The results suggest that
one must be skepticd of usng the normd-eror GARCH when there is evidence of
conditional error-term nortnormdity. The conditiona didribution of the error-term in a
previous maingream application of the norma GARCH is found to be non-normd and
asymmetric. The same gpplication is used to illudrate the advantages of the proposed non-
norma-error GARCH modd.

Keywords. Error- term nonnormadity, skewness,  autoregressve  conditiona

heteroskedasticity.



1. Introduction

The Generdized Autoregressve Conditiond Heteroskedadstic process (GARCH)
(Bollerdev, 1986) and its predecessor, the Autoregressve Conditionad Heteroskedastic
process (ARCH) (Engle, 1982) have proven useful for modeling a variety of time series
phenomena. Many time series variables follow complex autocorreation sructures and are
conditionally heteroskedastic. Some, however, are dso non-normally distributed.

Bollerdev (1986) indicates that the maximum likdihood (ML) edimaor for his
GARCH modd, which assumes eror-teem normdity, is drongly condgent and
asymptotically norma under any true conditiond error-term didtribution. The asymptotic
covariance matrix for the edimator, however, is contingent upon the true error-term
digribution. The finiteesample peformance of the norma-GARCH modd under nor
norma true conditiona eror-term digtributions has not been explored. This is important
gnce mog time-series agpplications involve smdl or moderate sample szes. In this paper
we use sandard Monte Carlo smulation procedures to explore the impact of error-term
non-normdity on the performance of the normd-error GARCH modd of Bollerdev (1986)
under small and moderate sample Szes.

Patidly adaptive esimators parametricaly mode  error-term  norrnormdity  to
improve efficiency in the esimation of the dope parameters of regresson modes in finite-
sample applications (McDondd and White, 1993). Bollerdev (1987) and Yang and
Brorsen (1992) proposed and applied a non-normd-error GARCH mode based on the
Student-t digribution, which is symmetric but leptokurtotic. We advance a more flexible

non-norma-, asymmetric-error GARCH modd based on Ramirez and Shonkwiler (2000)



patialy adaptive inverse hyperbolic sne (IHS) edimator and evduate its finite-sample
performance in comparison to the norma-error GARCH under a variety of true underlying
error-term distributions, and through amainstream empirical example.
2. The Non-Normal IHS-GARCH (p,q) Process

A nornnorma-error GARCH(p,q) process ana ogous to Bollerdev (1986) normal-

error GARCH(p,q) processis:

(D  yvi=xXib+e, e~NN@Oh),
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where NN(O,h) represents a family of non-norma didributions with mean zero and
vaiance h. This process is fully defined by assuming a specific family of non-normd
digributions for e;. One possbility is Ramirez and Shonkwiler's (2000) expansion of
Johnson’s (1949) Su family of digtributions, which is obtained by Ietting:
@ e =[{h/GQm}"*{snh(Qw)- FQmM}/Q, w ~N(m),
F(Q,m) = E[sinh(Qw,)] = exp(Q®/2)sinh(Qm), and
G(QM = {exp(Q%)- LH{ exp(Q*)cosh(- 2Qm)+1}/2
where Q>0, - ¥<nx¥, and s>0 are didributional parameters. Using the results of Johnson,
Kotz and Baakrishnan (1994), it can be shown that in this modd:
(3 He]=0 Varle]=h,
Skew[e] = Ele’] = S(Q) = - Vaw (- 17[w{w+2} Srh@M+3Enh(WIGQm*
Kurtfer] = E[e*] = K(Q,m) ={1/8{w- 1} [w*{w*+2w>+3w?*- 3} cosh(4W)+4w’{ w+2}

cosh(2W)+3{ 2w+1}/G(Q,m% - 3



where w = exp(Q?) and W = - Qm The results in (3) imply that E[y;] = Xb regardless of
the values of h, Q, and m and that the variance of €; is the same as in Bollerdev’'s normd-
eror GARCH process. The conditional error-term skewness and kurtoss are determined
by the parameters Q and m If Q>0 and mapproaches 0 the error-term distribution becomes
symmetric, but it remains kurtotic. Higher values of Q cause increased kurtosis. If Q>0 and
n>0, e has a kurtotic and right-skewed digtribution, while nx0 results in a kurtotic and left
skewed didribution. Higher vaues of mincrease both skewness and kurtoss, but kurtoss
can be scaled back by reducing Q (Ramirez and Shonkwiler, 2000).

An advantage of the non-normd-IHS modd specification is that the degree of
skewness and kurtoss of the conditional error-term distribution can be assumed varigble
across obsarvations without interfering with the esimation of the linear regresson and
GARCH process parameters. This is achieved by making Q and/or ma function of time or
any other potentidly rdevant factor. Also notice that when m= 0 the IHS-GARCH modd
defined above is reduced to the following nested specification:

(4 y=Xibte,

e = [{h/G(Q,0)} **{snh(Qu)}/Q, v ~N(0,2).
(5) Hel=0, Vale]=h,

Skew[e] = E[e:’] = S(Q,0) =0,

Kurtfe]] = E[e"] = K(Q,0) = Q).
which implies a symmetric but leptokurtotic error-term model. As Q goes to zero, e

approaches hY?v; and JQ) becomes zero, indicating that Bollersev's norma-error



GARCH(p,g mode is nested to the redricted IHS-eror GARCH specification in
equations (4) and (5) and to the full IHS-error GARCH specification in equations (1), (2)
and (3). In practice, under error-term normdity, both mand Q would approach zero and the
proposed IHS-error GARCH estimator would approach Bollerdev’'s normd-error GARCH
edimator. Thus, under the full IHS-error GARCH modd specified in equations (1), (2) and
(3), the null hypothesis of normdity vs. the dternaive of non-normdity is Ho: Q=m0 vs.
Ha Q>0. The null hypothess of symmetric non-normdity versus the dterndive of
asymmetric non-normdity isHo: Q>0, m=0vs. Ha Q>0, ni 0.

Given equations (1) and (2), the concentrated log-likdihood function that would
have to be maximized when etimaing the IHS-GARCH modd is obtained usng the

transformation technique (Mood, Grayhill, and Boes 1974):
n n
(6) LL=SING)-0.5 SH?;where
=1 i=1
G = {h/GQm(1+R?)} %,
H = {snh™(R)/Q}- m
R = [Q(y-X o) h/G(Q,m} *]+F(Q,m).
i=1,...,n refers to the observations, snhi(x) = I{x+(1HA)Y?} is the inverse hyperbolic
gne function, and h, F(Q,m), and G(Q,n) are as given in equations (1) and (2).
3. Properties of the |HS-Error GARCH Estimator

If the digribution of the true conditionad error-term (eg. the error-teem underlying

the data-generating process) belongs to the expanded form of Johnson's & family defined



in equation (2), then E[Snh(Qw)] = F(Q,m. This implies that E[e;] = 0 and E[y:] = xb,
regardless of the vaues of h, Q, and m Otherwise:
(7)  Ely] =xb +{/G(Qm} "*{ElSnh(Qw)]- F(QmM}/Q = xb + C,

Since C is congant with respect to x;, if the regresson eguation includes an
intercept (bo), the estimator for the intercept will be biased by that congtant amount - C. If
the regressors are fixed in relaion to the error-term, the estimators for the dope parameters
will remain unbiased. Also, as McDondd and Newey (1988) point out, as long as the
error-term is independent of the regressors, any ML-esimator of the location measure of
the digribution of y; conditiond on x would be a condgtent estimator for the regresson
dopes. Thus, there is no need to assume that e; is a member of the expanded S, family to
guarantee unbiased or at least consstent dope parameter estimators.

As any patidly adaptive estimator, the proposed IHS-eror GARCH estimator
would be asymptoticdly efficient if and only if the true didribution of the conditiond
error-term is a member of the expanded Sy family and its autocorrdaion dructure has
been properly specified. Under these conditions, standard likelihood theory dso guarantees
that the maximum likedihood edimators would be asymptoticaly normd, and that the
dandard error esimators obtained from the informeation matrix of the likelihood function
would be condgent. When working with finite samples, however, the asymptotic
properties are not gpplicable. In small to moderate sample size applications, the key is to
use an edimator based on a flexible family of dendties that can accommodate a wide

variety of distributiona shapes (Ramirez and Shonkwiler, 2000).



Johnson, Kotz and Bdakrishnan (1994) indicate that both the log-normd and the
norma (Gaussan) family of dendties are limiting cases of the Sy family, which dso
provides for a close approximation for the Pearson family of distributions. They present
the Abac for the § family and demongtrate that there is an gppropriate S distribution for
any shape factor (eg. skewness-kurtoss) combination below the log-normd line. Since
these shape factor lesults apply to the proposed expanded form of the § family, it is dear
that the expanded S family dlows for any mean and variance, as wel as any combination
of rightlleft skewness-leptokurtoss vaues bedow the lognorma line Under zero
skewness, it dlows for any possble mean-variance-leptokurtoss combination, i.e. it can
precisdy fit the first four centrd moments of any symmetric “thick”-tailed ditribution.

3. The Monte Carlo Smulation

Monte Calo smulaion is the only dterndive to evduate the finite sample
performance of rdativedy complex modes such as the norma and IHS-error GARCH
esimators. The basic sample desgn of Haeh and Manski (1987), Newey (1988), and
McDondd and White (1993) is adopted for the Monte Carlo smulation. A GARCH(1,1)
process is assumed for smplicity:
® V=bo+tbixx+e=-1l+x+h%e,  h=ao+ai’i+biha, M=l
where x = 1 with a probability of 0.5 and x = 0 with a probability of 0.5, and % is smulated
independently of e;. This regresson mode can be interpreted as estimating a shift parameter
that separates two digtributions that are identica except for a location parameter. The
GARCH(1,1) process is Smulated under two sets of true parameter vdues. ap = 1.00, a; =

0.50, and b; =0.25; and ag=1.00, a1 = 0.25, and b1 =0.50.



Three specifications for the conditional error-term  distribution are taken from
McDonad and White (1993): Normd {N(0,1)}; Mixture of normas or variance-
contaminated norma  {0.9*N(0,1/9)+0.1*N(0,9)}; and Lognormd. Another three non
norma error-term digtributions are consdered to broaden the spectrum of third-fourth centra
moment combinations evaluated: A Student-t distribution with three degrees of freedom (as
in Phillips, 1998) and two standard norma polynomias {N(0,1)-absIN(0,1)]* and N(0,1)-
2[N(0,1)]%}. An IHS-distributed error-term is also considered, to be used as a benchmark in
the evauaion of this modd’s performance under the dternative error-term didributions
discussed above. All error-term distributions are re-scaled and shifted, when necessary, to be
drawn from a parent population with zero mean and unitary variance.

Both the mixture of normas and the Student-t are unimodad, thick-tailed, symmetric
digributions, with kurtosis coefficients of about 20 and 75, respectively. The log-normd is
both thick-talled and right-skewed, with kurtosis and skewness coefficients of about +5 and
+75, respectively. The sandard normd polynomids are dso thick-taled and asymmetric,
but they are left-skewed ingead, exhibiting skewness coefficients of -5 and -2.5, and
kurtoss coefficients of about +50 and +10, respectively. The IHS digtribution assumed in
this case exhibits kurtoss and skewness coefficients of about —4 and +60, respectively.

Different Monte Carlo smulation experiments were conducted with 1000, 200 and
100 samples of sizes of 200, 1000 and 2500, respectively, generated using the same X vaues
for each sample. GAUSS 386i programs were used to smulate the data, and the Newton-
Raphson adgorithm (under a cubic dep-length caculaion method) preprogrammed within

GAUSS 386i congrained maximum likeihood (CML) application module was used for
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esimating dl modds. A convergence tolerance level of 10° was esteblished for the
gadients. With few exceptions the CML programs converged properly and produced both
parameter and standard error estimates based on the Hessian matrix. The programs utilized
are available from the authors upon request.

4. Results

Table 1 presents the Monte Carlo results for the norma and IHS-GARCH modeds
under the smalest sample sze of n=200. Both models produce unbiased estimators for the
dope parameter regardiess of the true error-term didribution being assumed. In the case of
the norma GARCH, however, the recommended information-metrix estimator for the
dandard error of the digribution of the dopeparameter estimator (Bollerdev, 1986) is
biased, underestimating the RMSE of the 1000 estimates by an average of 46.6% (Table
4). The andogous information-matrix dandard error estimator from the IHS-GARCH
model aso underestimates the RMSE, but only by an average of 3.2%.

On average, the RMSE of the dope-parameter estimator under the norma GARCH
is 314% larger than the RMSE under the IHS-GARCH modd. The RMSE differences
range from 61% to 702%, depending on the underlying error-term distribution assumed.
Under error-term nortnormality, both the norma and the IHS-GARCH modes are biased
edimators for the GARCH(1,1) parameters a; and bj, even when the true error is IHS,
which means that the IHS-GARCH is the true maximum likdihood esimator (MLE). In
this case, knowledge of the true MLE does not reduce the amount of bias on the estimation

of the GARCH(1,1) parameters at n=200.
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The IHS-GARCH edtimator for aj;, however, appears to be less biased than the
norma GARCH edimator for this parameter. The IHS-GARCH vyidds averages of the a;
parameter estimates that are closer to the true a; vaue under each of the Sx underlying
non-norma error-terms evauated, producing an overdl average of a; estimates of 0.5493
versus 0.7751 when a1=0.50, and of 0.3027 versus 0.5195 when a;=0.25 (Table 1). The
average hias in the edimation of b, gopears to be smilar under both models. When the
samulated error-term is normaly distributed, the IHS-GARCH converges to a norma
GARCH, producing an unbiased estimator for a;. At n=200, however, the estimator for b;
still biased (Table 1).

The RMSE's for both of the norma and the IHS-GARCH edimators for the
GARCH(1,1) process parameters a1 and bi, which were caculated with respect to the true
parameter vaues, are subgantidly larger in the case of the norma GARCH (Table 1). This
causes a redivey high proportion of norma GARCH modds with ai-b; parameter
edimate combinations adding up to one or more than one (27.7% versus 8.2% in the case
of the IHS-GARCH), which renders the estimated modes nondationary (Bollerdev,
1986). The large RMSE's dso produce a rdatively larger share of GARCH rgections due
to zero-vaued parameter estimates for By (an average of 18.6% versus 7.6% in the IHS-
GARCH modd).

In short, across the 12 nonrnorma-error GARCH(1,1) combinations evauated
under a sample sze of 200, less than 50% of the modds esimated usng the normal
GARCH are ddionary with non-zero a; and B, parameter estimates. In contrast, 83.4% of

the modds estimated with the proposed IHS-GARCH fulfill these two conditions. If the
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underlying error-term is normaly distributed, an average of 91.6% of the estimated models
are gationary with non-zero a; and B; parameter estimates (Tables 1 and 4).

Ancther concerning result when using the norma GARCH modd under non
normaly distributed errors is that the recommended information matrix Standard error
edimators grossdy underestimate the RMSE's of the estimators for a; and B. When a; =
0.5and by = 0.25, for ingtance, the averages of the RMSE's across the six underlying non
norma errors evaluated are 0.9331 and 0.2493, while the averages of the standard error
edimates are 0.2260 and 0.1376, respectively. In contrast, the IHS-GARCH modd
produces average RMSE's of 0.2795 and 0.1464 versus average standard error estimates of
0.2529 and 0.1148, respectively (Table 1).

The performance of the normad and the IHS-GARCH models under a congderably
larger sample size of Nn=1000 can be assessed from the Satistics in Table 2. As expected,
the RMSE's of the dope parameter estimators are substantidly smdler than at n=200. The
IHS-GARCH dope-parameter etimator again has a substantidly lower RMSE than the
norma GARCH dope-parameter estimator. In the 12 cases evauated (Sx non-norma error
digributions by two ai-b; vaue combinatons) the RMSE's are 78% to 1302% larger
(457% larger on average) under the norma GARCH (Table 4).

The normad GARCH information-matrix estimator for the standard error of the
digribution of the dope-parameter estimator shows a dightly higher bias than a n=200,
underestimating the RMSE of the 200 estimates by an average of 54.7% (Table 4). The
andogous IHS-GARCH information-matrix standard error estimator only underestimates

the RMSE by an average of 1.2%. The amount of bias in the edimators for the
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GARCH(1,1) process parameters is ill substantial & n=1000. On average, the IHS-
GARCH again produces less biased estimates for a; (0.4908 vs. 0.6074 when a;=0.5, and
0.2508 vs. 0.3317 when a 1=0.25).

When b;=0.25, the average bias in the estimation of this second GARCH process

parameter is again Smilar under the normd and the IHS-GARCH modds. When b;=0.50,
the IHS-GARCH produces less biased edtimates for this parameter in al cases. If the
underlying error-term is normaly didributed, the amount of bias in the estimator for b; is
reduced but not totaly diminated a n=1000 (Table2). The RMSE's of the estimators for
the GARCH(1,1) process paameters are again substantidly larger in the case of the
normad GARCH (Table 2). As a reault, even a this larger sample size, the norma GARCH
yields a high proportion estimated models that are nonstationary (16.4% \s. 0.25% in the
cae of the IHS-GARCH). Also, under the normad GARCH, Bolledev's lagged
conditional variance component is rgected an average of 4.8% of the times due to zero-
vaued parameter estimates for b .

In short, across the 12 nontnormd-error GARCH(1,1) combinations evauated at
n=1000, only 78.8% of the models estimated using the normal GARCH are Sationary with
nonzero a; and b; paameter edimates, while 99.8% of the modds edimated with the
proposed IHS-GARCH fulfill these two conditions (Table 2). At this larger sample size,
under non-normaly distributed errors, the normal GARCH underestimates the RMSE's of
the edimators for a; and B; by larger % margins than a& n=200. The average of the

RMSE's of the a; edimators under the Sx eror-term distributions evauated is 397%

larger than the average of the six 200-model averages of the corresponding standard error
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estimates. The average of the RMSE's of the B estimators is 234% larger. In contras, the
IHS-GARCH RMSE averages are only 10% and 14% larger than the average of the sx
standard error estimate averages (Table 4).

The previoudy discussed patterns continue a the largest sample sze (n=2500). The
dandard error estimator from the norma GARCH underestimates the RMSE of the dope
parameter estimator by the largest average (65.4%) across the three sample sizes evauated.
The average % RMSE underestimation by the IHS-GARCH remains low (2.8%) and stable
across sample szes (Table 4). The efficiency gains in the estimation of the dope parameter
by the IHS vs. the norma GARCH range from 88% to 1381% and average 499%, i.e. they
gppear to increase dightly with sample sze.

Both the norma and the IHS-GARCH edtimators for a; and B; show a lower
amount of bias a this largest sample sze, with the IHS-GARCH agan being less biased in
generd and on the average. As in the smdler sample sizes, knowledge of the true MLE
(i.e. uang the IHS-GARCH under an IHS error-term) does not show a particular advantage
in this regard (Table 3). Due to the lower RMSE'S, the % of edtimated norma and IHS-
GARCH modeds that are gtationary with non-zero estimates for a; and B, increases to 89%
and 100%, respectively. In the case of the normal GARCH, however, these RMSE's are
now underestimated by alarger 474% (a 1) and 270% (B), respectively (Table 4).

5. Empirical Example

Finding an application that unambiguoudy illudrates dl of the results from the

Monte Carlo smulation discussed above would be a chdlenging task. Ingtead, the example

in Engle and Kraft (1983), dso used by Bollerdev (1986) to illugtrate his (GARCH)
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expanson of Engle's (1982) ARCH process is adopted. In their models, the rate of growth
in the implicit U.S. GNP deflator is explained in terms of its own past:

(9  pt=Dbo+bipt-1+bopra+ b3prz + bapra+ e

where p; = 100x(GD{/GDy.1), GD; is the implicit price deflator for the GNP (U.S.
Department of Commerce, June 2000). The modd in equation (9) is edimated using the
origind time span in Bollerdev (1986) (19482 to 19834) and an expanded data set
(1948.2 to 2000.1), assuming Bollerdev’'s (1986) normd-error GARCH(1,1) and the
proposed IHS-GARCH(1,1) modd.

Specificdly, an IHS-GARCH modd where both the kurtoss and the skewness
parameters @ and ) are linear functions of time @ = o + qit and m= ny + myt) isinitidly
assumed. In the case of o, 1, M ahd m, Sngle-parameter likelihood ratio (cz(l)) tests are
conducted to verify the asymptotic t-tests results reported in Table 5. The m parameter is
not satidticaly ggnificant under either the 1948.2 to 1983.4 or the 1948.2 to 2000.1 data.
Therefore, this parameter is set equa to zero in the find IHS-GARCH modds. Under
either data set, both o and my are datidicaly different from zero a the 1% levd,
indicating that the conditional error-term digtribution is leptokurtotic and right-skewed, i.e.
that upward inflation spikes are more likely than downward spikes. Since @ is datidicdly

dgnificant as wedl, the conditiond eror-teem didribution exhibits different levels of

kurtos's and skewness through time.
Since both the kurtods and the skewness coefficients {eguation (3)} ae
monotonicaly increesing functions of |g| (lgo + qit| in this case), the parameter estimates

for go = 0.5152 and 0g; = - 0.0060 (1948.2 to 2000.1 data) indicate that the conditiona
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error-term didribution is more kurtotic and right-skewed at the beginning and a the end of
the time period under andysis, and that it is nearly normd a t = 0.5152/0.0061 » 84,
which corresponds to 1969.2 (t = 0.4332/ 0.0046 » 94, which corresponds to 1971.4, in the
case of the 1948.2 to 1983.4 data). The formulas in equation (3) can be used to caculate
the conditiondl variance, skewness and kurtoss coefficients of e; & any time period. The
late 1940s, for ingtance, is a period characterized by reatively large conditional variances
(ranging from 4 to 8), skewness (1.6 to 1.8) and kurtoss (5 to 6) coefficients, while the
ealy 1990s exhibit reativey low conditiona variances (ranging from 09 to 1.1) but
amilarly large skewness and kurtos's coefficients.

Under both the origind and the expanded data sets, the find IHS-GARCH modd is
datigicaly superior to the norma GARCH modd, according to standard likdlihood ratio
tests ((:2(3) = 140.7356- 128.9413 = 11.7951, and 02(3) = 307.2192- 282.7756 = 24.4436,
respectively). In addition, the standardized residuds (&/h) from the find IHS-GARCH
modds fal the poweful D’Agodino-Pearson (D’Agodtino e d., 1990) normality test
(c%2 = 823106, and c%y = 28.9622, respectively), while the IHS-transformed
sandardized residudls {i.e. the v/t\’s from equation (2)} do not fail this test @2(2) = 0.9462,
and c?(») = 3.6569, respectively) (Table 5).

The estimates for the GARCH process and for the intercept and dope parameters of
the regression equation are not radicdly different in this gpplication. However, as expected
from the Monte Carlo Smulation results, the corresponding standard error estimates are dl
ubgtantialy lower under the IHS-GARCH (Table 5). The IHS-GARCH advantage in this

regard is furthered by the previoudy discussed smulation evidence about the tendency of
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the normad GARCH dandard eror edimaors to subgtantialy underestimate the true
sandard errors when applied under nontnormd error-term digtribution conditions, as in
this case. Inferences based on norma GARCH parameter and standard error estimates
would undoubtedly be lessrdligble.

In regards to forecadting, the two modeling procedures yield different predictions
and conditiond variance esimates. The average of the inflation rate predictions under the
IHS-GARCH (3.4767) is closer to the average of the 205 inflation rates observed during
the 1949.1 to 2000.1 period (3.5091) than the average of the predictions under the normal
GARCH (3.4472). The root mean square error of the inflation rate predictions is 2.9912
under the norma GARCH vs. 2.9999 under the IHS-GARCH, i.e. it is practicdly the same
under both modes. The average of the 205 conditional variance estimates is higher under
the IHS-GARCH (1.463 vs 1.418). The difference in the average conditiond variance
esimates is highest (1.019 vs. 0.906) during the last two decades, when the estimated
conditiond error term digtribution is markedly non-normd.

However, given the dmulaion evidence discussed above, the IHS-GARCH
predictions and conditiond variance estimates should be consdered more reliable. These
factors, in addition to the more redigic assumption about the shape of the conditiona
error-term  digtribution, should be reflected on improved confidence intervas for the
predictions. True confidence intervals that take in to account the uncertainty due to the
edimation of the regresson eguation and GARCH process parameters as wdl as the
uncertanty aridng from the inherert stochastic nature of the true data-generating process

can be obtained through standard Monte Carlo Simulation procedures. Specificaly, 50,000
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sts of paameter vaues ae Smulated usng the maximum likelihood parameter and
covariance matrix edimates. Each set of smulated parameter vaues is used to generate a
vector of 205 inflation rate and conditional variance “predictions’ for the last 205 time
periods in the andysis.

In the case of the normal GARCH, each of the 50,000 vectors of conditiona
variance “predictions’ is used in conjunction with 205 independent draws from a standard
norma digtribution to smulate 50,000 vectors containing 205 draws from the conditiona
error-term distributions corresponding to the last 205 time periods in the andysis. The
50,000 vectors of inflation rate predictions are then added to the corresponding 50,000
vectors of conditiondl error-term digtribution draws to obtain m=50,000 smulated inflation
rate values for each of the time periods in the andyss. Then, the boundaries of a true (1-
a)% confidence interva for the inflation rate redizations through time are obtaned by
finding the (a/2) x m" and the [(1-a)+a/2] x m" largest of these m sSmulated values for
each of the last 205 time periods in the sample. The same process is followed for the IHS-
GARCH, except that the conditiond (norntnormd) error-term distributions are smulated
on the basis of equation (2).

The boundaries of the 80% confidence intervals for the inflation rate redizations
implied by the normd and IHS-GARCH models are compared with the data in Figures 1
and 2. The difference between these two confidence intervals is best perceived in the
relaively inflation dable 1984-2000 period. In the norma GARCH, the inflation rate
observations tend b be closer to the middle of the interva, only four observations trespass

the lower bound, while nine observations surpass the upper bound of the 80% confidence



19

intervd. Given this pattern of obsarvations, the symmetry of the assumed conditiond
error-term digribution requires a lower bound that is unnecessarily low in order to avoid
more of the observed inflation pesks surpassng the upper bound. In the IHS-GARCH, the
flexible asymmetry (right-skewness in this case) in the assumed conditiond error-term
digribution dlows for a noticeably higher lower bound, which is very close to the bulk of
the observations, coupled with an upper bound that is ill high enough to avoid a
theoretically excessve number of observations surpassing it.

A dmilar pattern is observed during the 1949-1960 period. Only during the 1965
1975 period, when the conditiona error-term didribution estimated under the IHS-
GARCH is nearly normd, are the boundaries of the confidence intervas from the two
models admogt identical. In addition to these visud patterns, the numericd evidence is
clear: Under the norma GARCH, only 14 out of 205 observations (6.8%) are below the
lower bound, while 30 (14.6%) exceed the upper bound of the 80% confidence interva.
The average width of the confidence interva is 3.68. Under the norma GARCH, 19
observations (9.3%) are below the lower bound and 22 (10.7%) above the upper bound,
while the average width of the confidence interva is 3.54.

Smilar patterns arise in the case of the 81% through the 95% confidence intervals
(Table 6), dthough the average width of the 95% confidence interval becomes larger under
the IHS-GARCH, presumably due to the pronounced right tall of the estimated IHS
conditiona error-term didribution. Cumulatively for the 80% to 95% confidence intervals,
the norma GARCH results in 388 observations beyond the boundaries of these 16

intervals, which is 54% lower than the number that would be theoreticaly expected



20

20
(205xé i /100 = 410). In addition, only 117 (57.1%) out of the theoreticdly expected

i=5
410/2 = 205 (100%) observations are below the lower bounds, and 271 (132.2%) exceed
the upper bounds. Under the IHS-GARCH, a total of 410 observations exceed the
boundaries of the 16 intervals, 219 (106.8%) being below the lower bounds and 191
(93.2%) surpassing the upper bounds (Table 6). The cumulative average width of the 16
confidence intervalsis smaler (70.91 vs. 72.32) in the case of the IHS-GARCH modd.

In short, under the same application origindly used to illustrate the norma ARCH
and GARCH modds, the IHS-GARCH confidence intervals are shown to be more
consstent with theoretical expectations than the confidence intervals implied by a normd
GARCH modd. This should be expected given the Monte Calo Smulation results
presented in the previous section.

5. Conclusons and Recommendations

A man concluson from this research is that one must be skepticad of using the
sandard normal-error GARCH modd when there is evidence of conditional error-term
non-normality. The Monte Calo dmulations suggest that the IHS-GARCH modd
proposed in this study could perform better than the norma-error GARCH modd under a
variety of nonnorma undelying eror-term digributions. The RMSE's of the IHS-
GARCH egimators for the dope and for the GARCH process parameters are substantially
gndler than the RMSE's of the correponding norma GARCH edimators, for Al
underlying non-normd error-term didributions and sample szes evduated. Under error-

teem nonnormdity the IHS-GARCH is a more efficient edimaor for these three
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parameters. Efficent dope-paameter edtimators ae obvioudy dedrable in gpplied
modeling/forecasting work.

The inefficiency of the norma GARCH edimators for a; and B; trandates into a
rddivey large number of unwarranted GARCH reections due to gpparent non-stationarity
and zero-valued estimates for a; and B;. These rgections would prevent modders from
identifying the correct error-term  autocorrelation dructure.  Further, with the norma
GARCH, the usud dandard eror estimates subgantidly underestimate the RMSE's (i.e
the true standard errors) of the estimators for the dope and for the GARCH process
parameters, providing a fadse sense of security about the precison with which these
parameters have been estimated and invalidating any datistica test based on these standard
aror edimates. Such a problem, which has clear implications for applied modding work,
does not diminish with sample sze. The proposed IHS-GARCH modd nearly solves this
problem regardless of the sample size.

Both the normad and the IHS-GARCH ae biased edimators for the GARCH
process parameters, even when the underlying error is IHS, in which case the IHS-GARCH
is the true MLE. The magnitude of the bias is noticesbly less with the IHS-GARCH,
egpecidly a smdl sample sizes. The magnitude of the bias decreases with sample sze and,
when B; is esimated usng the IHS-GARCH, it becomes very smdl at n=2500. However,
a this laget sample sze, the 100-sample averages of the a1 edimates from both the
norma and the IHS-GARCH 4ill depart from the true parameter vaues, even when the

underlying error-term didribution is IHS.
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The maindream empiricd example demondrates that some conditiond error-term
digributions encountered in applied research are not only non-normd but dso asymmetric,
and therefore the need for the proposed modding technique. Some of the conclusions from
the Monte Carlo smulations, such as increased parameter estimation efficiency, are clearly
reflected in the empiricd example. The example dso illudtrates other practicd advantages
of modding conditionad error-term didribution non-normdity, when present, such as more
theoreticaly consstent confidence intervas for the GARCH predictions.

Findly, when comparing the performance of the proposed IHS-GARCH modd
under IHS erors versus its peformance under the other nonnorma eror-term
digributions conddered in the Monte Carlo smulation, we conclude that the man
advantage of using the true MLE is increased efficiency in the estimation of the dope and
of the GARCH process parameters. Since, knowledge of the true MLE is impossble, in
practice, the next best dternative is to develop other non-normd-error GARCH models
based on flexible nonrnormd didributions and use testing procedures for nonnested
hypotheses (Quang, 1989) to identify the GARCH mode that best approximates the true
data generating process. Given that the expanded IHS digtribution used as a basis for the
IHS-GARCH can accommodate any mean and variance together with any skewness
kurtosis combination below the log-normd line, emphasis should be placed on dternative
distributions that can do the same above the log-normd line.
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Figure 1. 80% Confidence Intervals for the Inflation Rate
Predictions vs. Data under the Normal GARCH Model
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Figure 2: 80% Confidence Intervals for the Inflation Rate
Predictions vs. Data under the IHS-GARCH Model
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